In the present paper equivalent single layer (ESL) theory has employed with finite element method to describe the free vibration analysis of delaminated composite plates. Based on the first order shear deformation theory (FSDT) and finite element formulation, the work is fully concentrated on the free vibration analysis of delaminated composite plates. Two types of boundary conditions which are simply supported (S-S-S-S) and cantilever type (C-F-F-F) have taken for the analysis. The present work has also calculated the deformation at different places in composite plate; this is fully analytical and computational approach. Result is validated with the various references presented on the literature survey
Introduction
Laminated composites plates are frequently used in many engineering application due to its high strength to weight ratio. As per our desire to keep the structures light weighted and flexible composites are very helpful. In the context of laminated theory, many theories have been proposed like ESL (equivalent single layer theory) theory and layer-wise theory. ESL theory can be divided into three main categories. In ESL theory the material properties of constituent layer are combining to form hypothetical single layer whose properties are equivalent to through-thethickness integrated sum of its constituents. This theory is adequate in predicting global response characteristic of laminate like maximum deflection, maximum stress, fundamental frequency or critical buckling load. In classical plate theory shear deformation effect is ignored and provides result for thin laminates. However it underestimates the deflection and overestimates the buckling load and frequency of moderately thick or thick laminates. Then first order shear deformation theory proposed by Reissner and Mindline for shear deformation effect by the way of linear variation of in-plane displacement through the thickness. But the FSDT violated the equilibrium condition on the top and bottom surface of the plates so, shear correction factor required to compensate for the difference between actual stress state and assumed stress state. HSDT accounts for shear deformation effect by higher order variation of inplane displacement or in-plane transverse displacement through the thickness and satisfy the equilibrium condition top and bottom surfaces of the plate without requiring any shear correction factor. Delamination is one of the defects associated with composite structures caused by the imperfection in manufacturing or during fabrication. Due to delamination in composite structures there is severe degradation in stiffness and natural frequencies of the structures. Della and Shu have presented a review of different method of delaminated plates and beam [1] . The study of delaminated composite structures is mainly categories into two approaches. First one is region wise approach and second one is Layer-wise approach.
The present paper is based on region wise approach, in this approach, the delaminated laminate is divided into several segment, each segment is called sub-laminates and equivalent single layer theory is using for the analysis of each sub-laminates. The continuity condition is satisfied at the delaminated interface.
Campanelli and Engblom has developed a finite element model for delaminated composite plates, the model is eight nodded shear deformable plate element each node has six degree of freedom and the delaminated plate is divided in upper and lower sub-laminates. He uses penalty parameter approach to connect the upper and lower sublaminate to the integral laminate element [2] . A C 0 finite element model for vibration analysis is derived by N.Hu et.al. [3] . He has analysed the vibration response of delaminated composite plates. He has taken the moderately thick plate. So higher order shear deformation theory is implemented. The continuity condition at the delaminated front is based on the least square technique. The results are described for simply supported boundary condition and for sinusoidal load. Wang and Liu [4] has considered an isotropic beam and applied the classical beam theory, they assumed that the delaminated layer deformed freely without touching each other, so his model was referred as free mode. They categories the beam into the split and un-split region according to delamination interface and establish the general solution. The continuity condition is applied at the junction of delaminated interface and finding the natural frequency which are close to the experimental results. Multiple delaminations between the layers through layer wise theory is derived by Barbero and Reddy [5] . They applied the jump discontinuity condition at the interface. Jaehong and Lee [6] has also derived the free vibration analysis of delaminated plates. They used the Hamilton principle to derive the equation of motion and finite element analysis for formulate the problem. Based on the classical plate theory Nagesh babu and Hanagud [7] have developed a finite element model for the analysis of free vibration analysis of delaminated smart composite structures. Equation of motion has derived by the help of principle of minimum potential energy and the continuity of the axial displacement slope, moment and shear are satisfied at the delaminated interface. Ju et. al. [8] have developed a finite element model for delaminated composite plates, they divide the plate of delaminated and un-delaminated parts and analyze separately, stiffness and mass matrix is derived by the finite element method and minimum potential energy approach and at last displacement and slope continuity condition is satisfied at the delaminated junction. Numerical results have derived for four type boundary condition and they showed the fundamental frequencies are very much affected to the boundary condition applied.
Mathematical formulation
N-layers orthotropic laminated composite plates whose local and global co-ordinate system is shown in figure-1 . X, Y, Z are global co-ordinate of laminated plate, 'θ' is the fiber orientation , , (1) Where uo, vo are the in-plane displacements and wo is the transverse displacement of a point (x, y) on the middle plane. The functions x, y are rotations of the normal to the middle plane about y and x axes respectively.
Delamination model
Laminated plate is divided into sub-laminate i.e. delaminated and un-delaminated region and analyzes separately In Figure 2 , 'abcd' is delaminated area of laminated plates, so the laminate is also split into upper delamination and lower delamination laminate Where A is the integral parts of the laminated plates and B, C are the upper and lower delamination
Finite element analysis of without delaminated plates
Finite element analysis of un-delaminated plate based on the first order displacement theory is as following. An eight nodded serendipity plate element and five degree of freedom at each node is presented here for finite element model. 8 
Where Ni=shape function and 'i' is node number.
Stress-strain relation in global axis system has taken as the reference of standard book. 
[aij]=extensional stiffness matrix.
[bij]=extension-bending coupling matrix.
[dij]=bending stiffness matrix.
Stress-strain relationship for shear forces is 
Here N is number of layer in laminate and , k denote the particular layer k1 = shear correction factor 
[ ] [ ] [ ] [ ]

B B B B B B B B B
(10) Interpolation between global coordinate system to natural coordinate system is as follows 
Where U =strain energy, T=kinetic energy, k=stiffness and, m=mass matrix of element 
Finite element analysis of un-delaminated plates
The upper and lower segment of the delaminated plate is meshes separately which is similar to that used in segment without delamination. Figure 4 Coordinate system of delaminated segment of plate x 1 , y 1 , z 1 is the local coordinate system for the element. Displacement field is same as first order shear deformation theory, which is taken before, when the segment is without delaminated only the coordinate system is changed. if 'p' is the number of layers in the upper and lower delaminated element and the interface of delamination is middle then the bending stiffness matrix and density matrix is changed like
Lower delamination bending stiffness
Upper delamination bending stiffness
From the above a, b, d matrix, calculate the D1-matrix of upper and lower delaminated segment element and then calculating the stiffness and mass matrix of the delaminated element 1 1 1 1
Continuity condition at delaminated region
After the analysis of delaminated and un-delaminated segment separately and all the variable in displacement field are independently. Now the boundary connecting these two segments is must satisfy the displacement continuity condition.
Computation of modal
After satisfying the displacement continuity condition at boundary connecting the delaminated and undelaminated segment, we have to assemble the all the element stiffness and element mass matrix and solving the eigen value problem for the free vibration analysis. The eigen value equation is given below.
Where K=global stiffness matrix, M=global mass matrix, ω=natural frequency and, ƛ=mode shape
Results and discussion
Numerical results for the eight-layer square composite plate whose material properties, configuration, geometry and boundary condition are given in Table 1 . Plate geometry is 0.25×0.25×0.00212 m 3 , a=0.25 m and t=.00212 m. a=length of the plate and t=thickness of the plate. Delamination in plate is assumed at any interface 1, 2, 3, 4 but it is at center of the plate. The delamination location is (xd, yd), xd=yd= a/2, interface 1 is treated as mid plane of the plate. The delamination location and interface is shown in below figure. Size of the delamination is also square type. The above material properties, geometry and configuration is taken from the Ju et. al. [8] paper for the validation purpose. From the Table 2 and Table 3 , It is conclude that the natural frequency of delaminated plate is decreases due to decreases in stiffness of delaminated plate. The stiffness degradation of plate are dependent on both delaminated geometry and delamination positions. It is also seen that for the higher interface layer of the delaminated plate i.e. away from the middle surface, the natural frequency is increases in both the boundary condition. Natural frequencies of plate are changed for different boundary condition. It is observed that the natural frequencies is greater in S-S-S-S boundary condition than the C-F-F-F boundary condition. It is also also seen from the above results that natural frequencies are increases as the mode number is increases. So, we can say that effect of delamination on the higher mode is greater than that on lower mode. It can also seen that increase in the natural frequencies for a delamination at the mid plane is more significant than at the other three interfaces.
